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Variance swaps have gained an immense recognition in the financial 
market based on the tremendous spike in its trading volume since late 
1990s. Being categorized under volatility derivatives, the substance of 
variance swaps can be related to the vital role of volatility in making 
investment decisions. In this paper, the price of discretely-sampled 
forward-start variance swaps is evaluated using an equity-interest rate 
hybrid model. The modeling framework involves an extension of the 
Heston stochastic volatility model, which is combined with the 
dynamics of the Cox-Ingersoll-Ross (CIR) stochastic interest rate 
model. Focus is given on the forward-start nature, identified by the 
starting time of the sampling period being a future date. Previous 
studies on variance swaps were mainly focusing on instantaneous-start 
variance swaps, whereas in reality, most of traded variance swaps 
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possess a forward-start nature. An efficient semi-closed form pricing 
formula is derived for this hybrid model through the development         
of forward characteristic functions. This provides a better market 
characterization with the inclusion of stochastic interest rate. The 
performance of this formula is investigated numerically to demonstrate 
how the formula performs for different sampling times and against the 
real market scenario. The new analytic formula also facilitates in the 
exploration of the effects of forward-start nature and stochastic interest 
rate, respectively, on the pricing of variance swaps. 
1. Introduction 
A variance swap is a forward contract on the future realized variance of 
the returns of a specified asset. Offering additional purpose in determining 
the payoff of the financial derivative, this gives extra credit apart from the 
advantage of avoiding direct exposures to itself. Since the payment of a 
variance swap is only made in a single fixed payment at maturity, it is 
defined as a forward contract which is traded over-the-counter. The realized 
variance term in a variance swaps payoff provides a relatively accurate 
measure of volatility which is useful for many purposes, including volatility 
forecasting and forecast evaluation. The tremendous spikes in its trading 
volume recently have attracted many researchers and market practitioners to 
conduct studies involving variance swaps. 
The current trend of variance swaps studies is seen going in the direction 
of instantaneous-start variance swaps, where the sampling period only 
considers the starting time 0=t  up to ( )eT  which is the terminating time. 
Examples of research works involving instantaneous-start variance swaps can 
be referred from [2, 4, 6, 12]. However, in reality, majority of variance swaps 
traded in markets or even some over-the-counter ones possess forward-start 
nature. This is recognizable through the starting time of the sampling period 
being a future date. This means that the annualized realized variance is 
measured between two future dates ( )sT  and ( ),eT  where ( ) ( ),0 eTsT <<  
and 0=t  being the current time. According to Zhu and Lian [13], the 
standardized forward-start variance swaps, named as variance futures, have 
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already been actively traded in some stock exchanges, such as the Chicago 
Board Options Exchange (CBOE), New York Stock Exchange (NYSE) and 
Euronext. 
Overall, previous studies concerning variance swaps assumed continuous 
sampling time, whereas the discrete sampling is the actual practice in 
financial markets. In fact, options of discretely-sampled variance swaps were 
mis-valued when the continuous sampling was used as approximations,          
and produce huge inaccuracies in certain sampling periods, as discussed in 
[2, 6, 10, 12]. Recognizing the fact that the continuous sampling evaluation  
is contrary to the real market, the focus of research is seen to be moving 
towards discrete sampling. In addition, the assumption of constant interest 
rates by the previous authors involving variance swaps was unrealistic with 
the real market phenomena. The dynamics of the interest rate is determined 
by many factors and is itself stochastic in nature. The superiority of 
stochastic interest rate models in providing a practical realization of the 
fluctuation property, as well as adequately tractable was highlighted by 
Elliott and Siu [7]. Another research conducted by Grzelak and Oosterlee [8] 
proved that the pricing for some short-maturity options of European products 
using constant interest rate resulted in big errors. Also, since previous 
researchers claimed that constant interest rate is only appropriate for short 
term maturity financial derivatives, it is crucial to use stochastic interest rate 
models when pricing variance swaps. Allen et al. [1] claimed that variance 
swaps traded in indices and more liquid stocks have maturities around three 
years, or even up to five years and beyond. An example of the related market 
is the Euro Stoxx 50 which is a stock index of Eurozone stocks designed by 
STOXX. The practical importance of incorporating stochastic interest rate 
into financial models was illustrated in [4] and [11]. However, for the case of 
pricing forward-start variance swaps, there is a gap left in the literature 
regarding implementation of stochastic interest rate in the context of discrete 
sampling. 
Although, several pricing models for variance swaps and many valuation 
models for financial derivatives under stochastic hybrid models have been 
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presented, to our present knowledge, the analysis for pricing forward-start 
variance swaps, which accommodates hybrid models of stochastic interest 
rate and stochastic volatility, has not been done yet. Recently, only one study 
had been carried out regarding pricing forward-start variance swaps under 
stochastic volatility [13]. Thus, the novelty of this work is to produce an 
analytic pricing formula for discretely-sampled forward-start variance swaps 
by incorporating stochastic interest rate from the CIR model, along with 
stochastic volatility from the Heston model. In this way, we cannot only 
reduce the inaccuracies resulting from constant interest rate, but also       
provide a better market characterization through hybridizations of stochastic 
volatility and stochastic interest rate. This work also contributes in 
exploration of the effects of forward-start nature and stochastic interest rate, 
respectively, on the pricing of variance swaps. 
2. Pricing Techniques 
In this section, we first present a hybrid model which combines the 
Heston stochastic volatility model with the one-factor CIR stochastic interest 
rate model. This Heston-CIR hybrid model is derived into the T-forward 
measure. Later, the forward characteristic function is derived to obtain the 
semi-analytical formula for the price of variance swaps. 
2.1. Forward-start variance swaps 
Variance swaps were first launched in the 1990s due to the breakthrough 
of volatility derivatives in the market. A typical formula for the measure of 
realized variance ( ) ( )( )eTNsTRV ,,  is 
( ) ( )( )





















1 ,100,,  (1) 
where ( )jtS  is the closing price of the underlying asset at the jth observation 
time ,jt  ( ) ( )[ ]eTsT ,  is the lifetime of the contract and N is the number          
of observations. AF is the annualized factor which follows the sampling 
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frequency to convert the above evaluation to annualized variance points. For 
example, AF for monthly and weekly sampling frequencies will be 12           
and 52, respectively. The measure of realized variance requires monitoring       
the path of underlying stock price discretely, usually at the end of each 
business day. For this purpose, we assume equally discrete observations to be 




tAF −=Δ=  
At maturity time ( ),eT  variance swaps rates can be evaluated as ( )( ) =eTV  
( ) ( )( )( ) ,,, LKeTNsTRV ×−  where K is the annualized delivery price for 
the variance swap and L is the notional amount of the swap in dollars. 
One important feature that distinguishes a forward-start variance swap 
from a standard variance swap can be seen in its starting point given as 
( ) ,0>sT  whereas ( ) 0=sT  for a standard variance swap. This results in 
additional unknowns of the closing prices and volatilities for forward-start 
variance swaps which have to be determined. The pricing case of a standard 
variance swap had been covered in [4]. 
In the risk-neutral world, the value of a forward-start variance swap with 
stochastic interest rate at time t is the expected present value of its future 
payoff. This can be denoted mathematically by 
( )



















Since the payment of a variance swap is only made in a single fixed     
payment at maturity, we set the initial payment as zero at .0=t  The above 
expectation calculation is complicated to evaluate because it involves the 
joint distribution of the interest rate and the future payoff. Due to the 
incorporation of stochastic interest rate in this research which uses the bond 
price as the numeraire, note that the price of a T-maturity zero-coupon bond 














QE  Then, we need to change Q  to the 
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forward measure TQ  written as: 
( )


















( ) ( ) ( )( )( )[ ],,,,0 0 LKeTNsTRVTP T ×−= E  (2) 
where [ ]⋅T0E  denotes the expectation with respect to TQ  at .0=t  Thus, we 
determine the fair delivery price of the forward-start variance swap as the 
expectation of the realized variance under the forward measure, given by 
( ) ( )( )[ ].,,0 eTNsTRVK TE=  
2.2. Heston-CIR model under forward measure 
Here, a hybridization of CIR interest rate model in [5] and the Heston 
stochastic volatility model in [9] is presented, which is widely known as the 
Heston-CIR model. This Heston-CIR hybrid model that shall be used in our 
framework can be described as follows: 
 
( ) ( ) ( ) ( ) ( )
( ) ( )( ) ( ) ( )



















where ( )tr  is the stochastic instantaneous interest rate in which α determines 
the speed of mean reversion for the interest rate process, β is the long-term 
mean of the interest rate and η controls the volatility of the interest rate. In 
the stochastic instantaneous variance process ( ) κν ,t  is its mean-reverting 
speed parameter, θ is its long-term mean and σ is its volatility. In order to 
ensure that the square root processes are always positive, it is required that 
22 σ≥κθ  and ,2 2η≥αβ  respectively [5, 9]. Correlations involved in the 
above model are given by ( ) ( )( ) ( ) ( )( ) 0,,, 3121 =ρ= tdWtdWdttdWtdW  
and ( ) ( )( ) ,0, 32 =tdWtdW  where ,0 Tt ≤≤  and ρ is a constant with 
.11 <ρ<−  
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Under the risk-neutral measure ,Q  the system of equation (3) is 
transformed into the following form: 
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ( )) ( ) ( )
























κθ=θλ+κ=κ ∗∗∗  and 
2λ+α
αβ=β∗  are the 
risk-neutral parameters, { ( ) }( )310:~ ≤≤≤≤ iTttWi  is a Brownian motion 
process under .Q  Implementation of the change of measure techniques from 
Q  to the T-forward measure TQ  as described in [4] and [11] gives us 
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ( )) ( ) ( )























with the expression of ( )TtB ,  below taken from [3] 
( ) (
( ) ( ) )


















2.3. Derivation of pricing formula 
In this subsection, we will find analytical solution for pricing forward-
start variance swaps under stochastic volatility and stochastic interest rate 
using forward characteristic function. Let the current time as ,0=t  and 
( ) ( ) ( ),lnln, tSTSTty −=  with .Tt <  First, define the forward characteristic 
function ( ) ( )( )0,0,,; rTtf νφ  of the stochastic variable ( )Tty ,  as: 
 ( ) ( )( ) [ ( ) ( ) ( ) ( )],0,0,00,0,,; , ryerTtf TtyT ν|=νφ φE  (6) 
where TE  is the expectation taken under the T-forward measure. The 
following proposition provides a solution for equation (6). 
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Proposition 1. If the underlying asset follows the dynamic process in 
equation (5), then the forward characteristic function of the stochastic 
variable ( ) ( ) ( ),lnln, tSTSTty −=  with Tt <  is given by 
( ) ( )( )0,0,,; rTtf νφ  































( ) ( ) ( )τφτφτφ ,,,,, FCE  and ( )τφ,H  satisfy the following system of ODEs: 
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eh  (10) 
Proof. Here, we give a brief proof for Proposition 1. Let the current         
time as ,0=t  and ( ) ( ) ( ),lnln, tSTSTty −=  with .Tt <  First, define         
the forward characteristic function ( ) ( )( )0,0,,; rTtf νφ  of the stochastic 
variable ( )Tty ,  as 
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( ) ( )( ) [ ( ) ( ) ( ) ( )].0,0,00,0,,; , ryerTtf TtyT ν|=νφ φE  
Upon application of the tower rule of conditional expectations, we               
can represent this characteristic function for ( )Tty ,  in two conditional 
expectations given as 
( ) ( )( )0,0,,; rTtf νφ  
 [ [ ( ) ( ) ( ) ( ) ( ) ( ) ( )]].0,0,0,,, rytrttye TtyTT νν= φEE  (11) 
The inner expectation [ ( ) ( ) ( ) ( )]trttye TtyT ,,, ν|φE  can be solved by 
defining the function 
 ( ) [ ( ) ( ) ( ) ( )]trttyerTtU TtyT ,,,,,; , ν|=νφ φE  (12) 

















































( ) ,,,; yerTU φ=νφ  (13) 
where ( ) ( ).lnln tSTSy −=  Next, Heston’s assumption in [9] is being 
adopted as follows: 
 ( ) ( )( ) ( ) ( ) ( ) ( ) ( ).0,0,,; ,,,1
trtTEttTDtTCerTtf −φ+ν−φ+−φ=νφ  (14) 
Substituting equation (14) into this PDE system results in the following three 
ordinary differential equations: 
 
( ) ( )
( ( ) )
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with the initial conditions 
 ( ) ( ) ( ) .0,,0,,0, =φ=φ=φ TETDTC  (16) 































with .tT −=τ  Numerical integration is performed to obtain the solutions of 
the functions E and C. 
Next, we solve the outer expectation of [ [ ( ) ( ) ( ) ( )trttye TtyTT ,,, νφEE  
( ) ( ) ( )]].0,0,0 ry ν  Following equation (11), this means taking expectations 
of the inner expectation. We will obtain 
[ ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )]0,0,0,,, rye trtTEttTDtTCT ν|−φ+ν−φ+−φE  
( ) [ ( ) ( ) ] [ ( ) ( ) ].,,, trtTETttTDTtTC eee −φν−φ−φ ⋅⋅= EE  (18) 
Let 
 ( ) [ ( ) ( ) ( )]ttyeh tT ν|=τνφ τ+φν ,,; E  (19) 
and 
 ( ) [ ( ) ( ) ( )].,,; trtyerm trT |=τφ τ+φE  (20) 
Then we can express as 
[ ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )]0,0,0,,, rye trtTEttTDtTCT ν|−φ+ν−φ+−φE  
( ) ( ) ( )( ) ( ) ( )( ).0,;,0,;,, rttTEmttTDhe tTC −φ⋅ν−φ⋅= −φ  (21) 
Expressions for h and m can be obtained by solving the corresponding PDEs. 
First, we define 
 ( ) [ ( ) ( ) ( )].,,; trtyerm trT |=τφ τ+φE  (22) 
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Applying the Feynman-Kac formula, we can derive that ( )τφ ,; rm  satisfies 
the PDE whose solution has the form ( ) ( ) ( ) .,; ,, rHFerm τφ+τφ=τφ  We 
obtain the following system of ODEs: 
 




















with the initial conditions ( ) φ=φ TH ,  and ( ) .0, =φ TF  The solution          
can be found via numerical integration in the MATLAB software. Next,          
we define the function ( ) [ ( ) ( ) ( )],,,; trtyeTh tT |=νφ τ+φνE  with initial 
conditions ( ) φ=φ 0,M  and ( ) .00, =φL  This function has the solution of 
the form ( ) ( ) ( ) .,; ,, ντφ+τφ=τνφ MLeh  We will later obtain the following 










































































Now, by utilizing equation (1) and summarizing the whole procedure 
above, the forward characteristic function for a forward-start variance swap 
can be written as 


























[ ( ) ( ) ]12 ,,20 11 +−= −− jjjj
ttyttyT eeE  
( ( ) ( )) ( ( ) ( )) ,10,0,,;120,0,,;2 11 +ν−ν= −− rttfrttf jjjj  (25) 
where ( ) ( ) ( ),lnln, 11 −− −= jjjj tStStty  and function ( ( ) ( ))trtttf jj ,,,; 1 νφ −  
is given in equation (7). Following the end of Subsection 2.1, the fair 
delivery price of a forward-start variance swap can be written as the 
expectation of the realized variance under the forward measure by =K  
( ) ( )( )[ ].,,0 eTNsTRVTE  Combining this with equation (1) and equation (25) 
above, we obtain the final delivery price for a forward-start variance swap as 
the following: 
[ ]RVK T0E=  











( ( ) ( )) ].10,0,,;12 1 +ν− − rttf jj  (26) 
3. Numerical Results 
Here, we demonstrate the validation of formula in equation (26) against 
Monte Carlo simulation. The sampling frequency varies from 1=N  up to 
,100=N  and the Monte Carlo simulation is conducted using the Euler-
Maruyama discretization with 200,000 sample paths. For the base parameter 
setting, we follow these parameter values, where ( ) ,10 =S  ,615.012 −=ρ  
( ) ( ) ,2045.00 2=ν  ( ) ,2874.0 2=θ∗  ,3.0=κ∗  ,4921.0=σ  ( ) ,04.00 =r  
,501.0=α∗  ,04.0=β∗  005.0=η  and .1=T  We set the starting time of 
sampling being 3 months is future, ( ) 31=sT  out of the 12 months sampling 
period. The comparison is displayed in Figure 1. 
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Figure 1. Delivery prices of forward-start variance swaps for the Heston-CIR 
model, continuous model and the Monte Carlo simulation. 
As shown in Figure 1, our pricing formula provides a satisfactory fit to 
the simulation for the chosen sampling frequency of .100=N  To be more 
precise, the error calculated between our pricing formula and the simulation 
is less than 0.00099% for ,100=N  and this error will be reduced as the 
number of sample paths of the simulation increases. In addition, it is 
important to note that for ,10=N  the run time of our pricing formula is only 
3.362 seconds, whereas the simulation takes about 8200 seconds. It is clear 
that our pricing formula attains almost the same accuracy in far less time 
compared to the Monte Carlo simulation which serves as benchmark values. 
We also plot the graph for continuous sampling model for comparison 
purpose. 
3.1. Effect of forward-start 
It is our aim to investigate the effect of forward-start nature on 
discretely-sampled variance swaps. Figure 2 displays the experiment 
conducted on four different starting times of sampling realized variance, 
( )sT  for 52=N  which is the weekly sampling. We consider a total 
sampling period of 12 months, where our chosen starting times range 
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between 0, 3, 7 and 11 months. For example, a variance swap with starting 
time of sampling being 11 months in future is depicted as ( ) ,1211=sT  
whereas ( ) 0=sT  represents a standard variance swap. The terminating time 
of the sampling is set as constant, where ( ) 1=eT  in our experiment. 
It can be seen that as we increase the starting time of the sampling 
realized variance, the price of variance swap decreases. The differences are 
quite distinct for small sampling frequencies, but stabilize as the number of 
paths is reaching 52. However, for ( ) ,1211=sT  very slight changes in 
variance swaps prices are recorded throughout the whole sampling 
frequency. This implies that the effect of forward-start is greater for variance 
swaps having the start of sampling time far away from the terminating time, 
vice versa.  
 
Figure 2. Delivery prices of forward-start variance swaps with different 
starting times of the sampling realized variance. 
3.2. Effect of stochastic interest rate 
Since this paper involves a hybrid model of stochastic volatility and 
stochastic interest rate, the effect of stochastic interest rate on the pricing of 
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forward-start variance swaps is also investigated. This is done by running 
experiments on a 7-month forward-start variance swap ( )( )127=sT  with 
sampling frequency of 52. The terminating time of the sampling is set as 
constant, where ( ) .1=eT  Displayed in Figure 3 are the different prices of 
variance swaps as we change ,∗β  the long-term mean of interest rate from 1 
percent, 5 percent and 10 percent. All other model parameters are kept fixed. 
The case of constant interest rate is handled by using the formula in [13] 
which incorporates only the effect of stochastic volatility using the Heston 
model. Since the analytical pricing formula in equation (26) is derived based 
on a more general Heston-CIR hybrid model, we can obtain values of 
variance swaps with constant interest rate by setting the stochastic interest 
rate parameters as ,0=α∗  0=β∗  and .0=η  This shows that the case 
studied in this paper degenerates back to the case studied in [13] when 
interest rate is set back to constant. 
 
Figure 3. Delivery prices of forward-start variance swaps with different ∗β  
values of the interest rate. 
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The results show that all four ∗β  values exhibit the same decreasing 
trend as the sampling frequency increases. However, the highest ∗β  value, 
%10=β∗  records the highest price of variance swap, followed by both 
%5=β∗  and constant interest rate, respectively, and %1=β∗  in the last 
place. This highlights the important effect of stochastic interest rate, where 
variance swap prices change accordingly as the long-term mean of interest 
rates is being manipulated differently. 
Another essential finding is that implementation of the constant interest 
rate case with fixed interest rate of 5 percent corresponds perfectly with 
%.5=β∗  As a result, we can define the long-term mean of the interest rate, 
∗β  as the interest rate parameter having the most significant influence on 
variance swaps prices. In fact, this sensitivity of the variance swaps prices 
towards other parameters can be verified by calculating percentage change of 
the variance swaps prices when the parameter is being changed 1% from its 
base value. 
4. Conclusion 
This paper considers the Heston-CIR hybrid model for pricing discretely-
sampled forward-start variance swaps with stochastic volatility and stochastic 
interest rate. This work is essential since in reality, majority of variance 
swaps traded in markets or even some over-the-counter ones possess 
forward-start nature. In addition, stochastic interest rate can help to reduce 
the inaccuracies resulting from constant interest rate and also provide a better 
market characterization. The model framework considered in [13] is 
extended by incorporating stochastic interest rate. Using the technique of 
forward characteristic functions results in a semi-closed form formula for the 
fair delivery price of variance swaps. We also consider the numerical 
implementation of our pricing formula which is validated to be fast and 
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accurate via comparisons with the Monte Carlo simulation. This new analytic 
formula provides a platform to explore the effects of forward-start nature and 
stochastic interest rate, respectively, on the pricing of variance swaps. 
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